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Application of a Game Theoretic Controller to a
Benchmark Problem

Ihnseok Rhee* and Jason L. Speyerf
University of Texas at Austin, Austin, Texas 78712

The game theoretic controller whose structure is identical to that of both the linear exponential Gaussian and
the //oo controller is applied to the problem of controlling a mass-spring system that approximates the dynamics
of a flexible structure. By viewing the plant parameter variation as an internal feedback loop, plant uncertainties
of the system, input, and output matrices can be decomposed into a fictitious input/output system with un-
known gains. These fictitious input/output directions due to parameter uncertainty are used in constructing the
gains for the game theoretic controller. The resulting control reduces the effect of parameter uncertainty on the
system performance.

I. Introduction

A SYNTHESIS procedure is described for the design of a
state feedback control law for a linear time-invariant sys-

tem in the presence of parameter uncertainty in the system,
input, and output matrices. The parameter uncertainty is
modeled via an input/output decomposition procedure.1'2 A
differential game approach has been taken for this problem in
Ref. 3, where the parameter uncertainty was not decomposed
and only the uncertainty in the system matrix is considered. In
Refs. 4-6 the Lyapunov stability theory has been used to
design a control law for a system with uncertainty. In Refs. 1
and 2, by adopting an input/output decomposition of the
parameter uncertainty, the uncertain system is represented as
an internal feedback loop (IFL) in which the parameter uncer-
tainty is embedded in the system as a fictitious disturbance.
Tahk and Speyer1'2 developed the parameter robust linear
quadratic Gaussian (PRLQG) synthesis procedure, which is an
LQG design based on an extension of loop-transfer recovery
for the IFL description. In Refs. 1, 2, and 6, the system is
augmented to accommodate the input and output matrix un-
certainty. In this paper, by considering the input and a ficti-
tious input in the IFL description as two noncooperative play-
ers, a finite-time linear differential game problem is con-
structed based on the results of Ref. 7. By taking the limit to
an infinite-time, time-invariant linear system, a time-invariant
control law is obtained. It is shown that the resulting time-in-
variant controller stabilizes the uncertain system for a pre-
scribed parameter uncertainty bound. These results are pre-
sented in Sec. II.

This approach is applied in Sec. Ill to a benchmark problem
composed of two masses and a spring with an unknown spring
constant. The input is applied to the first mass and a noisy
measurement is made of the position of the second mass.
Furthermore, a harmonic forcing function of unknown ampli-
tude and phase is applied to the second mass. The objective is
to regulate the second mass about the zero position given the
assumed uncertainties. A robust compensation is determined
that has four nonminimal phase zeros.
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II. Game Theoretic Controller
A controller for a linear time-invariant system with parame-

ter uncertainties in the system, input, and output matrices is
derived via the differential game framework.

Consider a time-invariant system with uncertainties in sys-
tem, input, and output matrices described by

x = + AA )x + (Bo + AB)u

Z =

(1)

(2)

where jc, u, and z denote the state vector, the input vector, and
the measurement vector, respectively; A0, BQ, and HQ denote
the nominal system matrix, the nominal input matrix, and the
nominal measurement matrix with suitable dimensions, re-
spectively; and A A, AB, and AH are perturbations of the
system matrix, the input matrix, and the measurement matrix,
respectively, due to parameter variations. It is assumed that
(A0, BO) is a stabilizable pair and (H0, AQ) is a detectable pair.

By adopting the input/output decomposition modeling1'2 of
the perturbations, AA, AB, and AH are represented as

A A = DLa(e)E, AB = FLb(e)G, AH = YLh(e)Z (3)

where e denotes the parameter variation vector, which is con-
stant but unknown, and all other matrices are known constant
matrices. The elements of c need not be independent of each
other.

A. State Feedback
In this subsection all states are assumed to be perfectly

measured, and the control u is restricted to a state feedback,
i.e., u = u(x).

With the plant perturbation modeling given by Eq. (3), the
uncertain dynamic system [Eq. (1)] can be represented as an
internal feedback loop1'2 in which the system is assumed to be
forced by fictitious disturbances caused by the parameter un-
certainty:

JC = AoX + Boll + TjWf (4)

(5)

(6)wf = L(e)yf

where F/ = [DF], ny is the fictitious disturbance, and

,](0
0

1076



RHEE AND SPEYER: GAME THEORETIC CONTROLLER 1077

Consider a quadratic performance index,

/ = M Il
2 Jo

where T is a fixed final time, and

y =

Assume that all admissible parameter variations are character-
ized as

to
f7\,7\

where 7 is a positive constant. Note that I IL(€ ) I I S < 7 for all
admissible parameter variations, where II • II s denotes the spec-
tral norm.

For a given control law u = u(x), the performance index J
achieves its maximum when the parameter variations are the
worst case for the control u. The worst case occurs when My
uses all of the available control, i.e.,

*T r r
,/-2 1 Hy r

Hyd/= I yjyf&t
o Jo

(7)

Consider a control law that minimizes J for the worst case ny.
Then a game situation arises such that

min max
U Wf

subject to Eqs. (1) and (7). Adjoining the constraint (7) to the
performance index J yields the problem of

min max- 1 [p2yTy + (yjyf - y 2wywy)] dt (8)
u w *> Jo

subject to Eq. (4), where p is a constant to be determined by
trial and error to satisfy Eq. (7). It is well known3'8 that if
there exists a real symmetric solution Il(/) over the interval t €
[0, tf\ to the Riccati differential equation (RDE),

Qs- IT = A O
rn + LL40 ~

with the final condition !!(//) = 0, where

ft = P
2CTC + ETE, R = p2C,rCj + GTG

and R is assumed to be positive definite, then the optimal
strategies u * and w * for u and wy, respectively, are given as

w*=y2T}U(t)x

For the case where T-* oo, if there exists a nonnegative def-
inite solution to the algebraic Riccati equation (ARE),

(9)

[ *1

m^l

• *2=z

Wr m2=l —— ̂  w

then U(t) converges to the minimal nonnegative definite solu-
tion5 to the ARE (9).3'7 Hence, w* and wj become time-invari-
ant strategies described by

u*=-R-lB%TL5x (lOa)

w* = y2r}Usx (lOb)

where Us is the minimal nonnegative definite solution to the
ARE [Eq. (9)].

In the worst case design, since the fictitious disturbance ny
is not an intelligent player, only the control strategy for the
control w given by Eq. (10a) can be implemented.

Claim 1. Suppose that £>r£> + QrS > 0 and let % and <\L2
be arbitrary positive-definite matrices with suitable dimen-
sion. Then

0

Proof. It is sufficient to prove that £>rcUi£> + 6^28 is
nonsingular. Suppose that there exists a nonzero z such that
sr(£>rcUi£> + grcU2S)s =0. Then £>z =0 and Qz =0 since %
and °U2 are positive definite; hence, (3Dr£) + SrS)s =0, which
contradicts the assumption. •

Claim 2. Let S>T£> + <3T<3 = $T<5 and let £>r£> + 8rcUS
= 3:[9:i, where ̂  is an arbitrary positive-definite matrix with
a suitable dimension. If(&9 G) is detectable, then ( ff i , G + 9C8)
is detectable for all 9C with suitable dimensions.

Proof. Suppose that (5^, ft + DCS) is not detectable. Then
there exists a nonzero vector z for some s in the closed right
half plane such that (sI-Q,- X<3)z = 0 and SF,z = 0. Since
C U > 0 ,

= 0

which implies that £)z = 0 and Gz = 0. Hence,

(si- a - = (si - a)z
Therefore,

si-a

which contradicts the assumption that (3:, (£) is detectable. •
Proposition 1. Assume that R > 0 and (Q/2 ,A0)isa de-

tectable pair. Suppose that for a given p and y there exists a
nonnegative definite solution Us to the ARE [Eq. (9)]. Then
the control law given as

u = -R-lB*nsx (11)

stabilizes the uncertain dynamic system (I) for all e such that
II A/(e) US < y and IIL*(e) II, < 7-

Proof. By using the control law (11), the closed-loop system
is described as

x = Asx (12)

where

As = A0 + DLa(e)E - [B0 + FLb(t)G }R

The ARE [Eq. (9)] can be rewritten as following the Lyapunov
equation:

Fig. 1 Mass-spring system. AS
TUS + USAS = - (13)
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> . u ! 1
s2 + 0.25

Augmented system

i - r <*~ Ti H o^q r

where

Controller for
Augmented System

K(s)
Controller for original system

Fig. 2 Block diagram of closed-loop system.

P
2CTC

y2(U5D - y

7~2n5 (y2F

Aa=I-y~2La(e)TLa(e)

A, - (fi - y-2Lb(e)TLb(e)]G

\\La(e)\\s <y implies that Aa > 0, and \\Lb(e)\\s < y and
Claim 1 yield A^ > 0. Hence, Q\ is nonnegative definite. Since
(Q/2 , /lo) is detectable by assumption, it follows from Claim 2
that [(£'rA0£' + p2CrC)1/2, A^^DLJE\ is detectable. From
Lemma 4. 1 (Ref. 9), [(UsBoR ~ l A^ - ̂ II, + J^A^ +
P2CTC)1/2, As] is also a detectable pair. Applying Lemma 4.1
of Ref. 9 again yields that (Qi\As) is detectable. Applying
Lemma 4.2 of Ref. 9 to the Lyapunov equation [Eq. (13)]
completes the proof. •

Note that Proposition 1 holds for any nonnegative solution
to the ARE [Eq. (9)]. However, the minimal nonnegative
solution Lt5 produces the smallest gain for the control law.

To design the controller (11), the design parameters p and y
should be chosen for the ARE [Eq. (9)] to have a nonnegative
definite solution. In particular, as the value of p increases, sys-
tem performance improves, whereas as the value of y in-
creases, stability robustness with respect to parameter varia-
tion improves.

B. Measurement Feedback
In this subsection the state is assumed to be partially mea-

sured by Eq. (2) and the control u is restricted to be a measure-
ment feedback.

By use of the uncertainty modeling of Eq. (3), system (1)
and (2) include an IFL description:

JC = AQX + BQU + T

Yvf

X +

(14)

(15)

(16)

vf

La(e) 0 0

0 Lb(€) 0
0 0 Lh(e)

(17)

With an approach similar to that taken in Sec. II.A, a
differential game, where the fictitious disturbances wy and v/
and the initial conditions play against the control w , is con-
structed such that

min max max max [ - p2 [ jc(0) — Jc0) T{ x (0) - Jc0)
u wf vf x(0)

dt]

subject to Eqs. (14) and (15), where the cost for the initial
conditions is included to handle the uncertainty in the initial
condition from the nominal value of Jc0. As T —•«, a time-in-
variant controller is obtained in Ref. 7 as

xc = Acxc + Bcz

u = Ccxc

(18a)

(18b)

where

AC=A0-

if there exist Um > 0 and Pm > 0 satisfying the AREs:

o = A^um + n^0 - nw(£o/? - IB£ - 72i/rJ)nw + Qm (19)

0 = 0 - y2Qm)Pm } (20)

such that Pm - y2Um > 0, where

Qm = P
2CTC + ETE + ZrZ, V = YYT

and V is assumed to be positive definite. Since both AREs
[(19) and (20)] may have more than one nonnegative definite
or positive definite solution, many controllers can be con-
structed from the formulation (18). Note that M > 0 and
satisfies the ARE:

7
2r/r/nm)7'

~ lB^Um]M + TfT} = 0 (21)

By using the controller (18), the closed-loop system becomes

BQCC

(22)

FLbGCc~]
3cYLhZ 0 J

and where AAd is the variation of the closed-loop system due
to the uncertainty in system (1) and (2).

Proposition 2. Assume that R > 0, V > 0, (Q£,AQ) is
detectable, and (A0, Tf) is controllable. If there exist Um > Q,
Pm > 0 such that P~l - y~2Um, then the controller (18) sta-
bilizes the closed-loop system (22) for all e such that

\\La(e)\\s <T , HL,(e)l l 5 <7, \\Lh(e)\\s<y (23)

Proof. Equation (21) can be rewritten as

where Tf = [D F] and wf = [wf w2
r]r.
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where

AI = AO - /0 + 72r/r/n,

Since (j40, F/) is controllable by assumption, it follows from
Lemma 4.1 (Ref. 9) that (A\, Q,'/2) is controllable. Since M
> 0, it follows from Lemma 4.2 (Ref. 9) that AI is stable. It
can be verified that JC, defined as

-M-1

M-1

satisfies the ARE:

0 = v4c[ (24)

where

r/rj
0 Bt

Rewriting Eq. (24) as

(Ad

where Q4 = KQ2K + y2Q3 - AA
be written in the following form:

Q* =

Xd) = - Q4 (25)

- JCA/lcl. Then Q4 can

F7/ r - P-1IL j^a r~m L
M~1D

P _ , _, -i p _,
\ZL^+H0V ^ +.

J^CTC

where

Since HL f l (c) l l 5 < 7, ^b(e)\\s < 7, and \\Lh(e)\\s < 7, Q4 is
nonnegative definite. From Lemma 4.2 (Ref. 9),

({p2CTC

is detectable since (Q% , A0) is detectable and Af l, Ah > 0. There-
fore, there exists L such that A2, defined as

A2 = A0

is stable. Let

- L(p2CTC

«-[ (p2CrC

x Pole
o Zero
o Picked value

\

Real

Fig. 3 Root locus of l — aG(s)K(s) with respect to a.

Since 7 - ^~2L^Lb > 0 and # > 0, it follows from Claim 1
that A^ > 0. Observe that, for this L,

AMo

A2 0
(HQ-\- yx/jZ) ^4j

Since v4j and ^42 are stable, (Q5, ^4d + A^4cl) is a detectable pair
which implies that, by Lemma 4.1 of Ref. 9, (Q4, Ac\ + A>lcl)
is detectable. Since JC is a nonnegative definite matrix, the
proof is completed by applying Lemma 4.2 of Ref. 9 to Eq.
(25). •

Note that the proposition holds for all controllers con-
structed from the solution of AREs and is therefore very
conservative.

To design the controller (18), the design parameters p and 7
should be choosen for the AREs [(19) and (20)] to have a non-
negative definite solution and a positive definite solution,
respectively. In particular, as the value of p increases, system
performance improves, whereas as the value of 7 increases,
stability robustness with respect to parameter variation im-
proves.

In the usual case the positivity of V and the controllability
of (A, F/) do not hold. However, these can be avoided by
redefining V and F/- as

K = FiFf - YYT, Tf=\TD F]

where F} and F are chosen to ensure that V > 0 and (A , F/) is
controllable. It can be proved with minor change that Proposi-
tion 2 holds for these new V and F/.

III. Two Mass-Spring System
Consider a mass-spring system, shown in Fig. 1, that ap-

proximates the dynamics of a flexible structure.2 The system is
described by

Xi + k(x\ -x2) = u

x2 + k(x2- x^ = w

with a noncollocated measurement

z = x2

(26a)

(26b)

(27)

where k is an unknown constant with nominal value k0 = 1, u
is an actuator input, and w is a cyclic disturbance described by
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where Aw and <p are constant but unknown. The transfer
function form of the system and measurement equations, Eqs.
(26) and (27), respectively, is given as

The variation of system matrix due to the uncertainty of k can
be decomposed as

G(s) =
1

U(S)

The design objective is to regulate x2 and to reject the ex-
ternal cyclic disturbance in x2 for all k with 0.5 < k < 2.

To handle the cyclic disturbance, differentiate Eq. (26) until
w disappears in the resulting system. Differentiating Eq. (26)
twice yields

x\iy) = -k(xi + 0.25*! - x2 - 0.25;c2) - 0.25^ + u (28a)

AA = — -n 0 0.25« 0 rc 0

= - k(x2 + 0.25x2 -xi- 0.25x0 - 0.25x2 (28b)

where the parenthetical superscripts represent the time-deriva-
tive order and w is a new control variable defined as

u = u + Q.25u (29)

0
1
0
0
0

-1
D

With choices of

C = //, F = 0.07 - [ 0 1 0 0 0 l]r, F! - 0.033

C, = Q.OS, p = l, 7 = 0.043, n = 10

the control u can be obtained by using Eq. (18) as

v- — A Y -\- Ft 7 fi — C* Y C\\\
j\C — •f*-C *^C ! - * J C ~ > *̂ — ^C "^C V*^ •*• /

where

0
- 147.26

0
0
0

1.03

1
-17.11

0
0
0
0

8.41
60.32

-7.19
-25.78
-51.65
-41.20

0
-61.00

1
0
0

0.11

0
44.21

0
1
0

-1.11

0
-174.52

0
0
1

0.30

£c=[-8.41 -37.85 7.19 -25.78 51.65 40.40]r

Cc=[-146.23 -17.11 22.24 -60.8943.34 -174.22]

The new system (28) contains uncontrollable poles at s =
± 0.57 . To remove the uncontrollable poles from Eqs. (28), a
new state, £, is introduced as £ = x\ + 0.25*1. Then Eqs. (28)
are represented in terms of x2 and £ as

= -k% + k(x2 + 0.25*2) + u

) = - (k + 0.25)jc2 - 0.25Arx2 +

(30a)

(30b)

Note that n is a weighting between the E direction and C, and
F is chosen to ensure that (A , F/) is controllable (see Proposi-
tion 2). The design parameters p, 7, and n were chosen to
satisfy the robustness requirement that 0.5 < k < 2 and the
transient requirement that the system settle within 20 s. The
minimal nonnegative definite solutions for the AREs [(19) and
(20)] are used in controller design. Combining Eqs. (29) and
(31) yields an eighth-order controller for the original system
(28) in the form of

A controller is designed for this augmented system. Figure 2
shows that the controller for original system is constructed by
combining the controller for the augmented system (30) and
the relation (29). Define

xc =

Ac

ol
1 Cc

0 6 X 2

0 1
-0.25 0

. r *<ixc + ;
L 0 2 x i J

Then Eqs. (27) and (30) can be represented in state-space form
as

x -

0
— k

0
0
0
k

1
0
0
0
0
0

0
0.25A:

0
0
0

-0.25A:

0
0
1
0
0
0

A

0
k
0
1
0

-£-0.25

0
0
0
0
1
0

X +

V
1
0
0
i
0
~v
B

z = [0 0 1 0 0 0]jc

H

u= [01 X 6 1 0]xc

or in the transfer function form:
-4430(5 + 0.08)(5 - 0.44)(5 - 2.83)

(s2 + 0.25)(52 + 1.785 + 9.67)

_______(52-0.l5 + 0.24)_______
X (52 + 6.565 + 13.51)(52 + 15.685 + 124.99)

where the compensator poles are at ±0.57, ~7.84 ±7.977,
-3.28± 1.667,and -0.89 ± 2.987, and the complex compen-
sator zeros are at 0.05 ±0.497. The zero configuration of the
compensator represents nonminimum compensation. The
closed-loop poles are at -2.14, -0.33, -0.13 ±0.567,
-0.19 ±0.257, -0.77 ±2.507, -1.83 ±1.457, and -7.84
±7.977.
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Fig. 4 Root locus of closed-loop system with respect k.

0 20 40 60
t(sec)

0 20 40 60
t(sec)

Fig. 5 Time response.

Figure 3 shows the root locus of 1 - aG(s)K(s) with respect
to a. For the controller K(s), the gain margin is 3.23 dB at the
frequency 0.67 rad/s, and the phase margin is 25 deg at the
frequency 0.20 rad/s. The values of 7 and n show that the
stability margin I Ak I < 0.43 is guaranteed for this compen-
sator. However, the root locus, shown in Fig. 4, shows that
the compensator stabilizes the system over 0.5 < k < 2. Note
that the compensator pole at -7.84 ±1.91j is unaffected by
parameter or open-loop gain changes. The removal of these
poles from the compensator does not affect stability robust-
ness or transient response.

In the simulation the measurement is assumed corrupted by
zero mean white Gaussian noise with a power spectral density

of (0.33).2 Time responses, shown in Fig. 5, for the nominal
system and the perturbed system with k = 0.5 are simulated.
For both simulations, Aw =0.5, <p = 0, and all initial condi-
tions are zero. Figure 5 shows that, for the nominal case, the
controlled variable x2 has settled down and the cyclic distur-
bance is rejected in jt2 in ~ 20 s, and for the perturbed system
with k =0.5, the settling time has been delayed.

IV. Conclusions
A game theoretic controller was applied to a mass-spring

system disturbed by cyclic external force. The cyclic distur-
bance was augmented to the system by a procedure involving
differentiation and transformation. The resulting state and
control are used to design the game theoretic compensator. A
nonminimum phase compensator resulted.
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